Abstract: In this paper, the problem of stability of switched homogenous systems is addressed. First of all, if there is a quadratic Lyapunov function such that nonlinear homogenous systems are asymptotically stable, a matrix Lyapunov-like equation is obtained for a stable nonlinear homogenous system using semi-tensor product of matrices, and Lyapunov equation of linear system is just its particular case. Following the previous results, a sufficient condition is obtained for stability of switched nonlinear homogenous systems, and a switching law is designed by partition of state space. In particular, a constructive approach is provided to avoid chattering phenomena which is caused by the switching rule. Then for planer switched homogeneous systems, an LMI approach to stability of planer switched homogeneous systems is presented. As such, it is easily verified by computer as possibly as that of linear system. An example is given to illustrate that candidate common Lyapunov function is a key point for design of switching law.
INTRODUCTION
In recent years, study of switched systems has received more and more attentions. Many engineering systems, such as robot manipulators, traffic management, power systems, etc. are essentially switched systems. Study of switched systems mainly focuses on stability, stabilization, controllability, and optimal control etc. Many interesting results can be found in various relevant literatures [2, 4, 1, 6, 7] . In particular, research of switched nonlinear systems is developed rapidly in the latest few years. Some results for stability of switched nonlinear system are found in [11, 13, 8] .
Other syntheses, such as controllability and disturbance decoupling of switched nonlinear system, have been investigated in [3] , [23] . Various methods, such as common Lypunov function, LMI approach and nonlinear programming etc. have been widely used to address different problems of switched systems. As is well known, the systems with homogeneous properties have special characteristics similar to those of linear systems, therefore better theoretic results can often be obtained than general affine nonlinear systems. There are some good studies of homogeneous systems in different aspects [20, 21] . Global stabilization of homogeneous systems has been proved by geometric inequality method in [21] , and [20] has given a sufficient condition of H ∞ control of homogeneous systems similar to that of linear systems. Of course, some results of switched homogeneous systems also appear in some lectures. [18] has analyzed stability of second-order switched homogeneous systems by generalized first integrals. Smooth Lyapunov functions IEEE Catalog Number: 06EX1310 This work is supported by Fundamental Science Foundation of Harbin Engineering University for homogenous differential inclusions has been obtained in [19] , where the existence of a smooth Lyapunov function has been proved. However, [18, 19] has only considered stability of such switched systems with all stable subsystems. Switched homogeneous systems with unstable subsystems have been not covered. In addition, only the stability has been studied rather than the quadratic stability of switched homogeneous systems which is just what our paper focuses on. This paper focuses on the following switched nonlinear systemsẋ
where the switching law σ(t, x) : ([0, ∞), R n ) → Λ is a right-continuous piecewise constant mapping and Λ = {1, 2, · · · , N} for some integer N ≥ 2, f σ(t,x) are homogenous vector fields of odd degree k. In this paper we use a kind of new matrix product, semitensor product of matrices, to solve the problem of stability of homogeneous systems. Semi-tensor product of matrices is a kind of new multiple operator of matrices, it can solve some problems of polynomials for which conventional matrix product can't work. Semi-tensor product of matrices have been used for some fields of control theory such as input-output decoupling, attractive region etc. [24, 25] . Especially, a vector polynomial can be denoted as linear form by semi-tensor product of matrices. Using semi-tensor product of matrices, we obtain Lyapunov-like equation of stable homogeneous systems, which has the same form as that of linear systems. Therefore, for some kind of homogeneous systems, we can use matrix methods to study their stability and other properties as in linear systems. Furthermore, we can also investigate stability of switched homogeneous systems by LMI approach just as in linear systems.
As a result, the condition for stability obtained is easily verified by computer. The main contributions of this paper are listed as follows: 1)Using Semi-tensor product of matrices, a Lyapunov-like equation similar to that of linear systems is presented. The Lyapunov equation of linear systems is its special case. 2) Based on the result of 1), a switching law is designed to stabilize switched homogenous nonlinear systems (1) . Chattering phenomena caused by switching rule is avoided by topological techniques. 3) For planar switched homogeneous system, a easily verified sufficient condition for stability is obtained by LMI approach. 4) In addition, some results with respect to semi-tensor product of matrices are meaningful themselves. They further develop this theory. The rest of this paper is organized as follows. Preliminaries of semi-tensor product of matrices are given in Section 2. Based on the quadratic Lyapunov function of homogeneous systems and semi-tensor product of matrices, a Lyapunov-like equation is given in Section 3. In Section 4, a sufficient condition is obtained to ensure system (1) stable, and a switching law is designed to stabilize the system and chattering phenomena caused by the switching rule can be avoided by topological techniques. A sufficient condition by LMI approach is obtained for the stability of planer switched homogeneous systems in Section 5, and followed by Section 6 which concludes the work.
SEMI-TENSOR PRODUCT OF MATRICES
Semi-tensor product of matrices is a new concept and a useful tool proposed through this paper. which is used to handle higher dimensional data, multi-linear mappings and polynomials. A multi-variable polynomials can be expressed as a tensor form, i.e., a multi-linear form, then the semi-tensor product can be used. We give a brief introduction for semi-tensor product. Details can be found in [26] .
and define the left semi-tensor product, , as
2. Let A ∈ M m×n and B ∈ M p×q . If either nt = p or n = pt, define the left semi-tensor product of A and B , denoted by C = A B, as C = (C ij ) and each block is
where A i is i-th row of A and B j is the j-th column of B. About the conventional matrix product is denoted by semitensor product, we have
where
2. let x ∈ R is a column vector, then
Note that when x ∈ R is a column or a row, then x · · · x is well defined. Then we denote
For later discuss, we need the tensor expression of polynomials. From Proposition 2, we can find x k is a basis of k-th degree polynomails. A k-th degree homogeneous polynomial can be expressed as α x k , where the coefficient vec-
Similarly, A vector filed of k-th degree homogeneous polynomials can be expressed as F x k , where the coefficient vector F is an n × n k matrix, briefly, F x k := F x k .
Proposition 3 Let X and Y be k-th and s-th degree homogeneous polynomial vector fields. Then we can express
where F and G are n×n k and n×n s matrices respectively. Then
LYAPUNOV-LIKE EQUATION OF HOMO-GENEOUS NONLINEAR SYSTEMS
Consider the following homogeneous systeṁ
where f (x) is a homogeneous polynomial vector field of odd degree k. The following lemma is important for our immediate discussion.
Lemma 1 [28] If system (7) is asymptotically stable, then there is a positive matrix P such that its Lyapunov function
V (x) = x T P x.
Remark 1 According to Lemma 1, the existence of the quadratic Lyapunov function is a sufficient and necessary condition for stable homogeneous systems.
Next, we will use semi-tensor product of matrices to show Lyapunov-like equation of stable homogeneous system. First we give semi-tensor product representation of a homogeneous polynomial. Proposition 2 implies that a homogenous polynomial of degree k can be expressed as semi-tensor product of matrices, i.e,
The following Lemma is helpful for the immediate main result.
Lemma 2 Assume M is a n s × n s matrix, and x is a column vector of dimension n, then
The last equality holds by Proposition 2. Now system (7) can be expressed aṡ
where A is a n × n k matrix. The following theorem is the first main result of this paper. 
The last equality holds by Proposition 2. Let k + 1 = 2s, where s is a positive integer. Since V T r (P A) is a 1 × n k+1 matrix. i.e. it has n k+1 = (n s ) 2 elements. So V T r (P A) can be expressed as a n s × n s square matrix, the reason is as follows: Since for any matrix M m×n , we have
Then we have
is an n s × n s square matrix. i.e.,V r (P A) can be converted as a square matrix. Based on Lemma 2, we have
It is easy to see
Then by (10) , (9) can be rewritten as
Now let
then (13) can be expressed aṡ
whereP is still a positive matrix.
Note (15) is just Lyapunov equation similar to that of linear system, and when the degree k = 1, i.e., system (8) is linear, it is just the well-known Lyapunov equation. So does the following corollary.
Corollary 1 For linear systemẋ = Ax, if V = x T P x is its Lyapunov function, then (15) can be reduced tȯ
V = x T (P A + A T P )x.
STABILITY OF SWITCHED HOMOGE-NEOUS NONLINEAR SYSTEMS
In this section, stability of switched system (1) is studied. Here we only consider σ(x, t) = σ(x), i.e. state feedback switching law. A switching law is designed to stabilize the whole system. Note system (1) can be expressed aṡ
To begin with, we give the definition for the quadratic stabilization.
Definition 2 Consider a dynamic systeṁ
x = Ax k , x ∈ R n .(18)
(18) is said to be quadratically asymptotically stable if there exists a positive definite matrix P such that
whereP andÃ is taken as in (15) 2. For a given positive definite matrix P , the stable region S P is defined as
When the stable region is considered, the topology of projective space P n−1 (R) provides a suitable structure for it. Because if x ∈ S P (A), then for any real number λ = 0, y = λx ∈ S P (A) since system (16)is homogeneous. Hence, we simply identify them as y ∼ x. Under this equivalent relation, the quotient space is P n−1 (R), i.e.,
By Definition 2 it is clear that system (16) is asymptotically stable iff there exists a P > 0, S P (A) = R n . For convenience, we technically remove zero from S P (A). That is, set
Note our discussion can be restricted in unit sphere S n−1 = {x ∈ R n | x = 1}. It is easy to see
where denotes that S n−1 is homeomorphic to P n−1 (R) in a natural way. This is also why we can simply consider that the points x are on the sphere S n−1 , i.e., x = 1. The following result is an immediate consequence of Definition 2. 
Proposition 4 Let
For a switched system a serious problem is the vibration. For instance, the switching law maybe as: σ(t − ) = i and σ(t + ) = j, j = i, and vise versa. That is, the system will go back and forth between these two models with 0 + dwell time. If this kind of vibration occurs, even the existence of the solution is questionable. To avoid this, we have to modify the switching law . In the following we will design a new switching law, which will avoid this kind of vibration.
The following discussion is in S n−1 otherwise explanation. Consider S n−1 , it is a compact topological space. Let
Then {U i | i ∈ Λ} form an open covering of S n−1 . Since P n−1 is a normal topological space [27] , there exist open
Note thatV i is compact, we can find i < 0 such that
Now we modify the switching law as follows:
where i is the current model, i.e., σ(x, t) = i. Note that under the switching law (21) if σ(t k ) is a newly chosen model, then the system will stay in this model for a considerable time period to "consume" its i 2 "privilege". To see this, say at a moment t 0 we have
and σ(x, t 0 ) = i. Then the system will remain in model i until another moment t 1 when
This delay in switching avoids vibration. To see that the switched system is still quadratically asymptotically stable, it is because thaṫ
In fact, Proposition 4 is equivalent to the result presented in [16] which is an extension of [15] . The following proposition implies this fact.
Proposition 5 For switched system (16), if there exists a common Lyapunov function
and N 1 α i = 1 such that for such a Lyapunov function the following inequality holds. So is inversion.
LMI APPROACH TO STABILITY OF SWITCHED HOMOGENEOUS SYSTEMS
LMI approach has been used for investigating stability and stabilization of switched linear systems [17] and references therein. However, LMI seems invalid in studies of stability of nonlinear systems for presence of nonlinear items, therefore, to my best knowledge, there are few lectures found to investigate stability of nonlinear systems by LMI approach.
In this section, we present a sufficient condition for stability of system (16) by LMI approach.
Definition 3 A symmetric matrix P of dimension n × n is said to be s degree homogeneous positive(s-DHP) if the following inequality holds
and sr = n.
Definition 4 A symmetric matrix P of dimension n × n is r degree semi-tensor product positive(r-SPP) if the following inequality holds
where r is integer factor of n. Similarly, s degree homogeneous negative matrix( s-DHN) and r degree semi-tensor product negative matrix(r-SPN) can also be defined.
Lemma 3 A positive(negative) symmetric matrix P is r-SPP(r-SPN).
Proof. No loss of generality, assume an n × n matrix P is positive, for any x ∈ R r we have
where rs = n and I s is an identity matrix. The last inequality holds since P is positive.
Remark 2 By Lemma 3 and Definition 4, we have
where P is an n × n symmetric matrix and k = n/2, conversion is not true. By Definition 4, Clearly we have the following proposition.
Proposition 6 If a matrix P is r-SPP, for any r × r invertible matrix M , M
T P M is also r-SPP. Next we give LMI approach to stability of switched homogeneous systems, here we only focus on n = 2, s = 2 case. For any homogeneous polynomial of 4 degree P (x) = (x 2 ) T P x 2 , where x ∈ R 2 , P is a symmetric matrix. It is denoted as follows
Clearly the above matrix can denote any homogeneous polynomial uniquely. Now assume P (x) < 0, it is easy to see p ii < 0, i = 1, 4. First we recall some results in [29] , where Dross Row Diagonal Dominating Principle(CRDDP), Diagonal Dominating Principle(DDP) and Quadratic Form Reducing Algorithm (QFRA) were given to investigate stability of homogeneous polynomial of degree k. Details can refer readers to [29] . [29] also proved that QFRA is stronger than CRDDP and CRDDP is stronger than DDP. In the following, we show that QFRA can be denoted as LMI form. (17) is V (x) = x T P x, by (15), inequality (23) can be rewritten aṡ
Maybe P Ā +Ā T P is not of (26) form. But this will not cause any difficulty since it is equivalent to (26) in k-DHP sense. As such, we may first denote P Ā +Ā T P by form of (26) , and then using (27) , negativity of (29) is easy to be verified. We call a 4×4 symmetric matrix M denoted by (26) form as normalization. Denoted by N(M ). Consequently, we have the following theorem.
Theorem 2 Planar system (17) of degree 3 is asymptotically stabilizable via designed switching law if LMI
holds. (17) can be taken the same as that of systemẋ = Cx. It is well-known the choice of matrix P > 0 is a key for switching law. So far, there are some algorithm methods to find numerical solution of Lyapunov function for linear case. However, it is very difficult to get Lyapunov function just for nonlinearity.
CONCLUSION
This paper investigated quadratic stability of switched homogeneous nonlinear systems. Firstly, using semi-tensor product of matrices, Lyapunov-like equation was obtained for stable homogenous systems which was reduced to linear Lyapunov equation for linear systems. Base on this result, stability of switched homogenous systems was studied. A switching law was designed by partition of state space, which was proved equivalent to convex combination of vector fields given by [14] . Especially, this designed switching law can avoid chattering phenomena which caused by switching rule. For planar switched homogenous systems, we gave a sufficient condition for stability by LMI approach as in switched linear systems. As a result, it was easy to be realized in computer. At last, an illustrating example was given to explain importance of common Lyapunov function chosen.
